Kirchhoff's integral method allows propagated sound to be predicted, based on the pressure and its derivatives in time and space obtained on a data surface located in the linear flow region. Kirchhoff's formula for noise prediction from high-speed rotors and propellers suffers from the limitation of the observer located in uniform flow, thus requiring an extension to arbitrarily moving media. This paper presents a Kirchhoff formulation for moving surfaces in a uniform moving medium of arbitrary configuration. First, the convective wave equation is derived in a moving frame, based on the generalized functions theory. The Kirchhoff formula is then obtained for moving surfaces in the time domain. The formula has a similar form to the Kirchhoff formulation for moving surfaces of Farassat and Myers, with the presence of additional terms owing to the moving medium effect. The equation explicitly accounts for the influence of mean flow and angle of attack on the radiated noise. The formula is verified by analytical cases of a monopole source located in a moving medium.
Introduction
The Kirchhoff formula was suggested by Gustav Kirchhoff in 1883 [1] and was primarily used in the theory of light diffraction and other electromagnetic problems. It is one of the most useful results in wave propagation theory and particularly in acoustics. As an integral method applicable to noise prediction problems in modern computational aeroacoustics (CAA), the Kirchhoff method allows flow-generated noise to be propagated and predicted based on the pressure and its derivatives in time and space, on an arbitrary control surface (data surface). The linear wave equation examining the physics of systems. For subsonic cases, the present formulation explicitly shows the mean flow effect and its physical meaning. The formulation will be verified through two analytical subsonic test cases for stationary and moving Kirchhoff data surfaces. As already mentioned, supersonic jet flows is an area of significant application potential for the Kirchhoff approach. The presented technique may thus be used to derive a formula which contains no Doppler factor, enabling fast prediction of noise in supersonic cases, as depicted by Wells & Han [28] . Another approach without the Doppler factor and its mathematical explanation can be found in [29] , leading to formulation 4 of Farassat.
Governing equation in a moving medium (a) Derivation of the equation
Let us assume that f (x, t) = 0 (table 1) is the moving Kirchhoff data surface with velocity v defined in such a way that the unit outward normal isn = ∇f (figure 1). If this condition is not satisfied by the original definition of f , then one can redefine it as f /|∇f |, which does satisfy this condition on the surface. Furthermore, the definition of the unit normal in terms of the function defining the surface relies on a normalization of f , which is always possible. The aim is to show how to derive the Kirchhoff formula for acoustic wave prediction radiated from sources on the data surface in a moving frame, using generalized functions. Assume the medium moves in an arbitrary direction with a constant velocity of U ∞ . Then the convective wave equation can be expressed as
where D/Dt = ∂/∂t + U ∞i ∂/∂x i with x i being the ith component of x. Equation (2.1) is valid for the region outside the data surface f (x, t) = 0. In order to extend the domain of the problem to inside the surface, one defines the functionΦ(x, t) as follows:
Because Kirchhoff's formula [1] is generally valid for wave propagation in a homogeneous medium, functionΦ(x, t) is used in this paper. However, when the suggested approach is applied to aeroacoustic problems,Φ(x, t) will be equivalent to the acoustic pressure, p (x, t). The extended governing equation is given by
Because the functionΦ(x, t) is discontinuous, the ordinary derivatives in equation (2.3) should be replaced by generalized derivatives [30] . In general and according to Farassat & Myers [27] , if the functionΦ has a discontinuity across the surface f = 0, then the jump is defined as
When Φ is multiplied by the Dirac delta function δ( f ), by using the definition of equation (2.2), one has
According to Farassat [26] , generalized spatial derivatives will be obtained bȳ wheren i is the ith component ofn. In equation (2.6), a bar over the derivative operator is consistently used to denote generalized differentiation. From equation (2.6), one can also derivē
where Φ n =n · ∇Φ. Similarly, generalized time derivativesD/Dt can be expressed in terms of ordinary time derivatives D/Dt as follows:
On the other hand
where U ∞n =n · U ∞ and v n =n · v. By substituting (2.9) into (2.8), one has
Substituting equation (2.10) into equation (2.11) yields
Using equations (2.7) and (2.12), one can form the following expression:
where M n = v n /c 0 is the local normal Mach number of the surface, and M ∞n = U ∞n /c 0 is the normal Mach number of the moving frame. Substituting equation (2.3) into (2.13) gives the Kirchhoff formula for bodies in motion in a moving medium as follows:
Using the definition of D/Dt, one has
where Φ t = ∂Φ/∂t and Φ U ∞ = U ∞ · ∇Φ. Note that these variables will be functions of y and τ , i.e. Φ t = Φ t (y, τ ) and Φ U ∞ = Φ U ∞ (y, τ ), in the same manner as other terms inside the integrals. As will be shown in appendix A, the derived convective wave equation (2.15) is consistent with the convective FW-H equation [24] , when the data surface is located in the linear propagation region (thus when the input data are compatible with the wave equation) [3] . 
G(x, t, y, τ )
for τ ≤ t, where g = τ − t + R/c 0 . The quantities R * and R are defined as
where
and M ∞ r = M ∞ ·r withr being the unit vector of the distance between the source position y(τ ) and the observer position x(t), i.e. r = |x(t) − y(τ )|. Based on this Green's function, the solution of equation (2.15) is given by
Let S: f = 0 be defined in a reference frame, called the η-frame, fixed to the data surface, where the variable y is transformed to the variable η. For the sake of simplicity, we assume that the surface is non-deformable. It can, though, be easily extended to deformable surfaces. Therefore, equation (2.19) leads to
Considering that x and y are independent variables, equation (2.20) can be rewritten in the following form:
In order to convert the space derivative to a time derivative, one can use the following relation [24] : 
where cosθ =n ·R, cosθ * =n ·R * , M ∞R = M ∞ ·R and M ∞R * = M ∞ ·R * .
The integration over dτ can be performed by using the methods of generalized functions theory [27] . It can be seen that [24] 
where M R = M ·R. The subscript e denotes that quantities inside the bracket are calculated in the emission time τ e = t − R/c 0 . This relation can be applied to equation (2.24), leading to
(2.26) Equation (2.26) is the general Kirchhoff formula for moving surfaces, described in a moving medium. The derived Kirchhoff formula requires Φ and its time derivative Φ t and space derivative ∇Φ as inputs for the wave propagation. It explicitly takes into account the convection effect on the noise prediction. The formulation is equivalent to the Kirchhoff formula derived by Farassat & Myers [20] if the medium is set to be at rest, i.e. M ∞ = 0, where θ * = θ and R * = R = r.
In general, the Kirchhoff data surface S can deform. However, for the sake of simplicity, the derivative in this paper used a non-deformable data surface. In addition, in many applications of the Kirchhoff formula in aeroacoustics, the data surface is assumed to be rigid.
The derived formulation is based on the retarded time solution and its stability will depend on the relative position of the source and observer, the data surface velocity and the time step when it is studied numerically.
The above equation is a noise prediction formula based on the classical retarded time algorithms. This formula explicitly takes into account the mean flow influence and the aerodynamic and acoustic effects of incidence and is easy to implement in noise prediction codes. This formulation is derived with the Doppler factor because it is more easily interpreted and is more helpful in examining the physics of systems. [31] , this can be realized by using the rule (2.27) along with the following relations [24] :
whereṀ R =Ṁ ·R. It should be noted that the dot over a quantity denotes the source time derivative of the quantity. Let
By using the following relations 
and
This is the convected Kirchhoff formula for moving data surfaces. It should be noted that, as we have considered in the derivation procedure,Φ = 0 inside the data surface. The derivation of this formula was based on generalized functions theory, which offers great advantages compared with the classical derivation. It can be checked that this formulation leads to the Kirchhoff formula for non-deformable moving surfaces derived by Farassat & Myers [20] , under no mean flow influence.
(i) Simplified form for a stationary data surface
The simple case of a stationary data surface is suitable for practical applications and is commonly used in the hybrid computational fluid dynamics and acoustic analogy approach. The derived formulation (2.34) along with (2.35) and (2.36) can be simplified for stationary data surfaces as follows:
In this case, the retarded time can be obtained by an explicit solution without need for any iterative solution. This is due to the radius r not being dependent on the retarded time.
(ii) Simplified form for a stationary data surface and a medium at rest
As can be seen, when M ∞ = 0 (then cosθ * = cosθ and R * = R = r), equation (2.37) represents the classical Kirchhoff formula derived by Lyrintzis [22] , for stationary surfaces for an observer fixed to a medium at rest. 
Numerical results
Here, the suggested convected Kirchhoff formulation for moving surfaces is validated through two analytical test cases. The first test case is a stationary monopole in mean flow with a stationary data surface, whereas the second case consists of a monopole translating along with the data surface, in a moving medium. Descriptions of the test cases and the calculated results are given in §3a,b.
(a) TC1: monopole in uniform constant flow
In order to verify the present formulations, the analytical solution of a three-dimensional monopole source in uniform constant flow has been used, as described by Lyrintzis & Mankbadi [10] . This case is equivalent to the problem of a monopole in motion with a constant velocity in the x-direction, located in an ambient quiescent fluid. The analytical solution for the acoustic pressure at the data surface resulting from the monopole [10] is given by
In equation (3.1), ω is the angular frequency of the source, whereas the monopole source is located at (x s , y s , z s ) and the observer at (x, y, z). In this study a spherical Kirchhoff surface of radius r s = 0.1 m is used as the integration (data) surface (a two-dimensional cross section of the domain is depicted in figure 2 ). The data surface is discretized into 4095 points, well distributed on the spherical surface, with angle increments equal to 4 • . This resolution for the data surface was considered to be fine enough. The ambient speed of sound and the density of the undisturbed medium are chosen as c 0 = 1 m s −1 and ρ 0 = 1 kg m −3 , respectively. The monopole source is located at the origin (0, 0, 0) and its angular frequency ω is 1 rad s −1 . For discretization in time, 256 time steps are used. The inputs required for the Kirchhoff formula, namely the pressure and its derivatives in time and space, are calculated from equation ( In order to achieve validation of the developed formulation for cases involving a data surface in motion, a second test case was considered. Because, to the best of our knowledge, an analytical test case of a moving data surface is not available in the literature, the aforementioned threedimensional monopole was set in translating motion along with the Kirchhoff data surface at a constant velocity of M = 0.2, while located in a uniform constant flow of M ∞ = 0.2. The noise prediction was realized by the moving medium formulation developed here. The input for the formulation, and thus the sources on the data surface, was calculated for a mean flow of M ∞ = 0.2, using equation (3.1). After the noise sources on the data surface were obtained, it was set in translating motion with velocity M = 0.2, towards the direction of the mean flow. The reference for comparison was obtained by computing the emitted noise for the exact same case, using the Kirchhoff formula derived by Farassat for a medium at rest [20] , applied with a moving observer approach. The inputs used for the reference solution were the noise sources calculated on the data surface, as described above. The reference solution was then obtained by imposing translational velocity, equal to M = 0.2, on the source, whereas the source is also translating along with the observer with velocity M ∞ = 0.2. Therefore, translation in a moving medium is achieved, rendering the reference case equivalent to the moving medium case. The acoustic pressure time history obtained by the developed Kirchhoff formulation is plotted versus the results from the moving observer method for the three aforementioned observer locations. Moreover, noise directivity obtained by the moving medium and moving observer approaches were calculated and plotted for 36 observers equally distributed in the x−y plane on a circle of radius r obs = 10 m from the origin. All required parameters, as well as the time and space discretization, are defined as described in §3a. The outcome of the comparison of the present formulation against the moving observer method is depicted in figures 7 and 8, for the acoustic pressure time history and directivity, respectively. Apparently, the results of the two methods are in excellent agreement. In this case, more significant than the actual input to the methods is the final outcome, which proves that both methods provide identical results, thus validating the developed formulation for a moving Kirchhoff data surface.
Conclusion
A convected Kirchhoff formulation was suggested for arbitrarily moving surfaces in a uniform moving medium of arbitrary orientation. The convective wave equation was obtained using generalized functions theory, and the Kirchhoff formula was derived in the time domain with respect to a moving medium frame. The equation explicitly takes into account mean flow and incidence effects on the radiated noise and is easy to implement in noise prediction codes. It was shown that the suggested formula can be regarded as an extension of Farassat and Myers' formula [20] to moving medium problems.
The derived formula consisted of the Doppler factor because it is more easily interpreted and is more helpful in examining the physics of systems. The same methodology can be used to obtain a formula which contains no Doppler factor, thus facilitating noise prediction for supersonic cases.
A verification study was conducted based on two test cases involving a stationary and a moving data surface for an observer located in a moving medium. In the former case, the calculated results were compared with an analytical solution, whereas for the latter case results from the moving observer approach served as a reference. The comparisons verified the accuracy of the developed formula.
The suggested formulations may be applied to codes based on the Kirchhoff method for prediction of aerodynamic noise. Specific cases include jet noise, rotors and high-lift devices and in general any problems where the influence of mean flow and angle of attack is significant and should be taken into account. 
By using the continuity and momentum equations [24] , as well as equation (A 6), one can rewrite equation (A 4) as follows:
